We analytically compute the three-loop corrections to the relation between the renormalized quark masses defined in the minimal-subtraction (MS) and the regularization-invariant symmetric momentum-subtraction (RI/SMOM) schemes. Our result is valid in the Landau gauge and can be used to reduce the uncertainty in a lattice determination of the MS quark masses.
We analytically compute the three-loop corrections to the relation between the renormalized quark masses defined in the minimal-subtraction (MS) and the regularization-invariant symmetric momentum-subtraction (RI/SMOM) schemes. Our result is valid in the Landau gauge and can be used to reduce the uncertainty in a lattice determination of the MS quark masses.
Quark masses m q arise in the Standard Model (SM) from Yukawa interactions of the quarks with the Higgs field. Although not being of fundamental origin, quark masses are usually treated as parameters of the SM and for many years were the only source of information on the Higgs Yukawa couplings. As a consequence, precise knowledge of m q is required both to test the SM and study New Physics. The values of the quark masses can be determined in several ways (for a review see, e.g., Ref. [1] ). Since all colored fermions but the top are confined inside hadrons, there is no unique ("physical") definition of the corresponding mass parameters, and one is free to choose a renormalization scheme that suits better for a problem at hand. To compare the results of different determinations, it is customary to use perturbation theory (PT) and convert the obtained values to the short-distance running mass m MS q (µ) in the minimal-subtraction scheme MS, evaluated at a fixed scale µ. , and the three-point vertex with OS =ψψ operator insertion (right) considered in the paper. SMOM kinematics corresponds to p 2 1 = p 2 2 = q 2 , while in the "exceptional" case p 2 1 = p 2 2 , and q 2 = 0.
One of the approaches to the quark-mass determination, especially useful in the case of light quarks, is based on lattice computations (see, e.g., Ref. [2] ). The resulting values, in this case, are bare quark masses m bare , corresponding to a particular discretization of QCD with the lattice spacing a acting as the ultraviolet cut-off. While it is, in principle, possible to directly relate m bare to m MS q , it turns out to be more convenient to relate m bare to a mass parameter m RI q defined in a regularization-independent (RI) momentum-subtraction renormalization scheme, which can be realized directly in lattice QCD. The continuum PT is used in this case to convert the finite value m RI q to m MS q . Among such kind of schemes, the so-called RI/SMOM [3] , in which certain three-point Green functions with momenta p 1 , p 2 , and q = p 1 + p 2 (see, Fig. 1 ) are normalized at symmetric kinematics (p 2 1 = p 2 2 = q 2 = −µ 2 ), is thought to have some advantages over the others, e.g., RI/MOM [4] . The latter utilizes "exceptional" momenta configuration with q 2 = 0, p 2 1 = p 2 2 = −µ 2 and suffers from strong sensitivity to non-perturbative infrared effects [5] . Recent state-of-the-art lattice determination [6] of the running MS masses of the charm (m MS c (3 GeV) = 0.9896(61) GeV) and strange (m MS s (3 GeV) = 0.008536(85) GeV) quarks in n f = 4 QCD heavily relies on the two-loop (next-toleading, or NLO) conversion factor [7, 8] relating MS and SMOM schemes. According to the estimates given in this reference, the uncertainty due to the missing next-to-next-to-leading (NNLO) term is comparable with other sources of uncertainties (e.g., due to continuum extrapolation or condensate effects) and contribute a significant part to the overall error budget (for details see Table VI of Ref. [6] ).
In this letter, we report on the analytical computation of the three-loop contribution, thus, providing additional precision for such an analysis. Recently, a numerical evaluation of the same quantity appeared in Ref. [9] . Our result confirms the estimates provided therein.
To calculate the required conversion factor C SMOM m , we consider QCD with n f flavors and define
The mass parameters in MS and SMOM schemes are related to the quark bare mass m bare via
In continuum QCD the bare mass m bare is usually defined in dimensional regularization so that each Z R m contains poles in ε = (4 − d)/2. To determine Z R m we do not compute massive propagators but renormalize the scalar bilinear operator O S ≡ψψ (see Fig. 1 
This approach neglects both valence and sea quark masses, but still provides a suitable approximation to the conversion factor C SMOM m in a wide range of renormalization scales (see Ref. [6] for numerical studies of the two-loop corrections due to non-zero quark masses).
We compute Z SMOM m and Z MS m order-by-order in PT by considering bare three-point one-particle-irreducible vertex function
in SMOM kinematics. We use Landau gauge and require that
where both Λ bare S and the bare quark inverse propagator S −1 bare are re-expanded in terms of MS strong coupling α MS s = (4π)a MS via the well-known formula µ −2ε a bare = Z a MS a MS available with five-loop accuracy [10, 11] . In Eq. (5) the quark field renormalization constants are defined as 1
The conditions (5) Let us mention a few technical details of our calculation. We generate Feynman graphs with DIANA [12] and take fermion and color [13] traces according to Eq. (5). The resulting expressions valid for a general gauge group are evaluated along the same lines as in our previous paper [14] on α s renormalization in the SMOM scheme. It is worth noting that as a cross-check of our calculation we also consider the renormalization of the pseudo-scalar quark current O P =ψγ 5 ψ, which can also be used to extract Z SMOM m from lattice calculations. Expressing all the renormalization constants in terms of a MS , from Eq. (1) we obtain the following NNLO conversion factor
with 
1 It is worth mentioning that, e.g., in Refs. [3, 6, 8] , different notation can be adopted for the renormalization constants,and one should make the substitutions Z ψ → Z −1 ψ and Zm → Z −1 m to compare the results. +C A C 2 different n f . Expanding the matching factor in powers of α s ≡ α MS s , we obtain n f = 0 :
Given the value α nf =4 s (3 GeV) = 0.2545 used by HPQCD collaboration [6] in the determination of charm-and strange-quark masses, we evaluate the matching factor at the reference scale µ (20)
One can see that the three-loop contribution is of the same order as the two-loop correction and is of the same size as the uncertainty 0.22% quoted in Ref. [6] and attributed to the missing NNLO term.
To conclude, we analytically calculate the three-loop correction to the matching factor required to extract MS quark masses from non-perturbative lattice computations. Our numerical evaluation confirms the estimate of x 3 given in Ref. [9] . We believe that the obtained NNLO contribution to C SMOM m will increase the precision of the resulting MS quark masses and/or provide a more reliable estimate of the uncertainties within the approach of Ref. [6] .
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